In a recent high-quality experimental work on normal metal-superconducting nanowire junctions [J.D.S. Bommer et al., arXiv:1807.01940 (2018], strong anisotropic suppression of induced superconductivity has been observed in tunnel conductance measurements in the presence of applied magnetic field with variable orientation. Following this finding, we investigate theoretically the dependence of tunnel conductance on the direction of the Zeeman field in order to understand the operational mechanisms and to extract effective system parameters. Second, motivated by a generic discrepancy between experiment and theory, i.e., many in-gap and above-gap conductance features predicted by theory are barely observed in experiments, we study several mechanisms possibly responsible for the suppression of the theoretically predicted conductance features (e.g., length of the nanowire, self-energy effect due to the proximity effect, finite temperature, finite dissipation, and multiband effect). One essential finding in the current work is that only by a combined understanding of both suppression mechanisms can we extract effective system parameters from the experimental data (e.g., the effective nanowire-superconductor coupling, the effective Landé g factor, and the chemical potential of the semiconducting nanowire). In addition, we consider topologically trivial Andreev bound states in hybrid nanowires in the presence of potential inhomogeneities, such as external quantum dots or potential inhomogeneities inside the nanowire. We compare the anisotropic, fielddependent features induced by these nontopological Andreev bound states with the corresponding features produced by topological Majorana zero modes in pristine nanostructures, so that we can provide guidance to differentiate between the topologically trivial and nontrivial cases.
I. INTRODUCTION
Topological superconductivity (TSC) hosting exotic zero-energy Majorana excitations has become an area of intense research, both theoretically and experimentally, over the past decade [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The most-studied realization of one-dimensional TSC is a strongly spinorbit-coupled (SOC) semiconducting nanowire in proximity to a conventional s-wave superconductor (SC) and in the presence of an external Zeeman field [13] [14] [15] [16] . When the Zeeman field applied along the wire axis exceeds a certain critical value, the hybrid nanowire becomes an effectively spinless p-wave SC that hosts a pair of zero-energy Majorana zero modes (MZM) localized at the opposite ends of the nanowire [17] . These spatially separated MZMs are robust against local perturbations and obey non-Abelian statistics as long as their separation is large enough [18, 19] . Based on these predicted properties, hybrid semiconductor-superconductor (SM-SC) nanowires have become the most promising platform for fault-tolerant topological quantum computation, and are being actively studied in many laboratories both for their intriguing fundamental topological properties and their technological prospects in creating a commercial quantum computer. [20] [21] [22] [23] .
The most direct method for detecting the presence of MZMs in a hybrid nanowire is to measure the differential conductance for charge tunneling from a normal-metal lead into the end of the proximitized nanowire. The hallmark associated with the presence of MZMs is a zero-bias conductance peak (ZBCP) that has a quantized height of 2e
2 /h at zero temperature arising from the perfect Andreev reflection by the zero-energy MZM [24, 25] . Sustained efforts over the past decade have generated significant improvements in materials science, nanofabrication, and measurements [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] and have led to the observation of stable zero-energy tunneling conductance signatures that are consistent with the presence of MZM in SM-SC hybrid structures. A major recent advance is the observation of a quantized tunnel conductance plateau that is to some extent stable against variations of different control parameters [37] , as expected for MZMinduced ZBCPs.
In spite of this remarkable experimental progress, there are a few crucial aspects that have not yet been elucidated, which, ultimately, makes the search for Majorana zero modes in solid state systems incomplete. The main concern is the possibility that, rather than being induced by MZMs localized at the ends of the system, the characteristic experimental ZBCP signatures are actually generated by trivial Andreev bound states (ABSs) emerging near zero energy in systems with a position-dependent effective potential [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . In addition, there are a few significant discrepancies between the theoretical predictions and the experimental tunneling conductance data. For example, theory predicts [16, 48] that the emergence of MZM should be accompanied by the closing and reopening of the bulk quasiparticle gap at the topological quantum phase transition (TQPT), as the TSC transitions from the trivial to the topological phase accompa-nied by the bulk gap closure. However, clear, unambiguous experimental signatures associated with the closing and reopening of the bulk gap have been rarely (if ever) observed. Moreover, numerical simulations of normalmetal lead-SC nanowire systems predict a rich structure of the differential conductance as function of the applied Zeeman field [49] , yet the experimental observations reveal much simpler smooth behavior with no detailed fine structures. This not only puts into question the accuracy of the theoretical modeling, but deprives one of potentially valuable information that could help with adjusting the model parameters and, ultimately, optimizing the hybrid nanowire devices for the decisive manifestation of MZMs.
Clarifying these outstanding issues involves, in addition to exploring new experimental setups [50] [51] [52] , overcoming at least two key challenges: (i) understanding in detail the mechanisms responsible for the suppression of certain predicted spectral features in charge tunneling experiments, and (ii) optimizing the techniques for extracting effective system parameters from the experimental data. To address these challenges, it is important to expand the comparison between theory and experiment over a parameter subspace as large as possible. In the current work, we try to achieve both of these goals using a recent experimental publication [53] as the guide in order to bring theory and experiment closer to each other in their details.
An important degree of freedom characterizing the hybrid SM-SC parameter space is the angle between the applied magnetic field and the axis of the nanowire. So far, most of the research, in both theory and experiment, was concerned with external Zeeman fields applied along the axis of the nanowire, with only the strength of the Zeeman field being varied. This is the field configuration where the localized MZMs are predicted to be the most prominent as the applied magnetic field increases. Recently, a high-quality experiment [53] has characterized in detail the dependence of the tunnel conductance on the direction of the applied magnetic field. First, the tunnel conductance was measured as a function of the strength of the applied field, with the direction of the field being fixed along the x-, y-, or z-direction (with the wire axis fixed along the x-direction). It was shown that the critical strength of the magnetic field associated with the closure of the superconducting gap has a strong dependence on the direction of the applied field. Second, the tunnel conductance was measured as a continuous function of the direction of the magnetic field in the plane perpendicular to the nanowire axis, with the strength of the field being fixed. The results reveal a strongly anisotropic suppression of the induced superconducting gap as function of the orientation of the applied magnetic field. These are some of the features we want to theoretically understand in depth in the current work.
In Ref. [53] , there are also numerical simulations for understanding the anisotropic suppression of superconductivity in the Majorana nanowire in the presence of applied magnetic field. But the simulations only explore a small volume in the parameter space and do not consider any inhomogeneity-induced topologically trivial bound states in the Majorana nanowire. In this work we address some of the outstanding problems facing the realization of MZM in SM-SC hybrid structures by investigating the mechanisms that control the low-energy spectroscopic features characterizing tunnel conductance measurements in the presence of applied magnetic fields with variable orientation. More specifically, we consider the following question: can one discriminate between MZMinduced topological features and the non-topological features produced by the topologically trivial ABS based on the dependence of gap closing signatures on the orientation of the applied magnetic field? Of course, to properly answer this question one has to also understand the mechanisms responsible for the suppression of certain spectral features in the tunneling conductance data. This effort of understanding the relationship between "visible" spectral features and the basic properties of the hybrid system represents an important step toward optimizing the techniques for extracting effective system parameters from the experimental data. If the well-accepted theory for MZMs in nanowires disagrees with experimental data in some qualitative manner (e.g., absence of fine conductance structures in the data), we must strive to understand this discrepancy by taking into account physical mechanisms typically not included in the minimal theory. In this work, we present three closely interconnected aspects of this effort. First, we investigate the rather generic absence of detailed in-gap and above-gap conductance features in the measured differential conductance maps. We consider several mechanisms possibly responsible for this behavior: the dependence of the spectral features on the length of the nanowire, self-energy effect due to the proximity to the parent superconductor, finite temperature, finite dissipation, and multi-band effect. Second, we study the dependence of the tunnel conductance on the direction of the Zeeman field in pristine nanowires. Inspired by the recent experiment [53] , we examine both the dependence on the strength of the applied field for different field orientations along the x-, y-, and z-axes and the continuous dependence on the field direction for a fixed field strength. Note that the dependence of the conductance on the strength of the applied field for different field orientations is studied within the context of our investigation of the mechanisms responsible for the suppression of fine conductance features in pristine nanowires. Third, we consider hybrid nanowires in the presence of potential inhomogeneities, such as external quantum dots or effective potential inhomogeneities inside the nanowire, and compare the anisotropic fielddependent features induced by the topologically trivial ABS emerging in these systems with the corresponding features produced by MZM in pristine nanostructures. Since the possible existence of trivial low-energy ABS mimicking MZM properties cannot a priori be ruled out, it is important to investigate how the ABS behavior is modified (as compared with the MZM behavior) due to the tuning of the external field direction.
The remainder of this paper is organized as follows. In Sec. II, we introduce the theoretical model that describes the normal metal-superconducting nanowire system, along with the numerical method for calculating the differential tunnel conductance. Section III is devoted to studying the dependence of the tunnel conductance on the strength of the applied magnetic field for different field orientations, focusing on pristine Majorana nanowires. This is done within the context of our investigation of the mechanisms responsible for the suppression of differential conductance features. We also consider the continuous dependence of the tunnel conductance on the direction of the Zeeman field in the context of pristine Majorana nanowires. In Sec. IV, we consider hybrid nanowires in the presence of effective potential inhomogeneities giving rise to low-energy ABSs and study the suppression of the conductance features, as well as dependence on the field orientation. We compare these ABS results with the corresponding MZM results for pristine nanowires. Finally, in Sec. V we summarize the results and present our conclusions.
II. THEORETICAL MODEL AND NUMERICAL METHOD
A minimal effective theory for describing the low-energy physics of a pristine one-dimensional semiconductor-superconductor nanowire (oriented along the x-axis) is given bŷ
where we have taken
is a Nambu spinor, and h BdG is the corresponding Bogoliubov-de Gennes (BdG) Hamiltonian. Here, m * is the effective mass, α R the strength of the Rashba spin-orbit coupling, µ the chemical potential measured relative to the spin-orbit crossing point, V Z = (V Zx , V Zy , V Zz ) the vector Zeeman field, which can point in any direction in the three-dimensional space, Γ the amount of dissipation inside the nanowire (which is treated phenomenologically in the current work through the iΓ term in the Hamiltonian), and L wire the length of the nanowire. The quantities σ x,y,z (τ x,y,z ) are Pauli matrices acting on the spin (particle-hole) space. The term h sc , which captures the SC proximity effect, is considered within two different approximations: in the weak coupling limit (the usual approximation used in most nanowire calculations), h sc is approximated as an induced pairing term ∆ ind τ x , while, more generally, the proximity effect is incorporated as the self-energy contribution Σ(ω), with λ being the effective coupling strength between the SM wire and the parent SC. The inclusion of the self-energy term enables us to go beyond the weakcoupling proximity effect and consider situations where the SM-SC coupling is strong. The Hamiltonian for the normal-metal lead only contains the first three terms in h nw , i.e., we do not include Zeeman effect, dissipation, and superconductivity. The chemical potential of the lead is set in the middle of the band, away from any Van Hove singularity. Note that in the current work, we only include a single spinful mode inside the normalmetal lead. In the context of quantum point contact, which is the case for Majorana nanowire tunnel spectroscopy experiments, although there are many modes in the metallic lead, the number of working mode in the lead is constrained by the number of transverse modes in the point contact area [54] . So effectively we can assume that there is only a single spinful mode in the metallic lead, being consistent with experimental observations. The parameter values used in the numerical calculations, motivated by the experimental SM-SC hybrid structures, are m * = 0.015m e , α R = 0.5 eVÅ, Γ = 0.008 meV, unless stated otherwise. Note that Eq. (1) is a one-dimensional model of the nanowire that does not include orbital effects. However, in some instances, we will consider confinement-induced multiband effects (arising from the quantization of the transverse motion of the carriers in the nanowire) by combining several one-dimensional SM-SC nanowires, with possibly different wire parameters. In this work, we assume that there is no coupling between the subbands. Note that, regardless of the number of occupied subbands in the SM wire, the normal-metal lead is assumed to contain a single spinful subband. A schematic representation of the normal metal-superconductor (NS) junction is shown in Fig. 1 . Note that the model defined by Eq. (1) is by definition for a pristine nanowire without any external inhomogeneous potential, and as such, does not have any extrinsic ABS mimicking MZM behavior. We defer our discussion of extrinsic ABS to Sec. IV where Eq. (1) will be appropriately modified by the addition of an inhomogeneous potential term.
The formula for the conductance through the NS junction is
where N is the number of spin polarized channels in the lead, and S he (S ee ) is the S-matrix for an incoming electron being reflected as a hole (electron). In the current work, we consider a single spinful subband in the normalmetal lead, i.e., N = 2, and thus the range of the conductance value is 0 < G < 4e 2 /h [55] . To numerically calculate the S-matrix, we first discretize the continuum Hamiltonian in Eq. (1) into a corresponding tight-binding model. We then apply the Kwant numerical package [56] to obtain the S-matrix and the differential conductance. Note that even when the BdG Hamiltonian becomes nonHermitian in the presence of dissipation, the calculation of the S matrix by the Kwant package is still feasible and reliable.
III. SUPPRESSION OF FINE CONDUCTANCE STRUCTURES IN PRISTINE SYSTEMS WITH DIFFERENT FIELD ORIENTATIONS
A generic characteristic of the tunnel spectroscopy of Majorana nanowires is that experimentally measured spectra [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] always show much less structure than numerical conductance calculations [40, 42, 49, 57, 58] . For example, in the numerical simulations, one can typically see conductance features associated with the (bulk) gap closing and reopening at TQPT. Also, one can clearly distinguish a nontrivial conductance structure above the induced SC gap. By contrast, in experiments the gap reopening feature is rather elusive, while the conductance above the SC gap is always structureless. These characteristics are rather generic in Majorana nanowire experiments (i.e., independent of which group is reporting the data). The "missing" conductance structure observed experimentally, or rather the "additional" fine structure predicted by theory, suggests that certain key ingredients that control the visibility of various conductance features are not properly accounted for by theory. In other words, the experimental resolution in the SM-SC nanowire tunnel conductance measurements is generically much lower than the predictions of the minimal theory. This is in sharp contrast with most solid state transport measurements where experimental data generically manifest more structures than the theoretical predictions since the theoretical models typically leave out many unknown details of the realistic system. In this section, we explore different possible operational mechanisms which could be responsible for this discrepancy. Specifically, we investigate the role of the effective length of the nanowire, self-energy effect stemming from the proximity to the parent superconductor, finite temperature, finite dissipation, and multi-band effect. Note that no single effect from those mentioned above can fully explain the experimental observations. Instead, a combination of these effects (and perhaps other as yet unknown) is more likely to provide the solution to the apparent discrepancy between experiment and theory. Our investigation is based on an analysis of the main features that characterize the dependence of the low-energy conductance spectra maps on the strength of the applied Zeeman field for different field orientations. This analysis enables us to identify the relationship between the "visible" spectral features and certain basic properties of the hybrid system.
A. Role of effective length
The nominal length of the SM-SC nanowire can be readily measured although the precise active length operational in the TSC properties may not be easy to discern. By contrast, the SC coherence length of the hybrid nanowire is typically unknown, as the actual values of the effective SC parameters characterizing the nanowire are elusive. For example, the chemical potential of the nanowire in the SM-SC hybrid structure is unknown (and hard to determine). The effective mass of the bare SM wire is also unknown, since it is strongly band-dependent, hence, dependent on the chemical potential. Moreover, as a result of the proximity effect due to the coupling to the parent superconductor, most effective parameters are strongly renormalized, e.g., the effective mass, the strength of the spin-orbit coupling, and the Landé g factor [59] . Recently, self-consistent Schrödinger-Poisson calculations of SM-SC hybrid structures have shown explicitly that the renormalization of these parameters can be significant and is sensitively dependent on the back gate voltage and the geometry of the hybrid structure [60] [61] [62] . Consequently, the effective dimensionless length of the wire defined, for example, as L wire /ξ, where ξ is the actual magnetic field-dependent SC coherence length, could be very different from the estimate based on nominal "bare" values of the system parameters. In turn, this affects the density of states of the nanowire, i.e., the energy separation between quantum states that could produce distinct spectral features in a tunneling measurement. This discussion on the serious difficulties in ascertaining even the (dimensionless) length of the nanowire, a seemingly obvious system parameter, demonstrates the problem one faces in modeling the realistic SM-SC structures in the context of Majorana experiments.
Since the values of the effective parameters are difficult to determine (either experimentally or theoretically), we consider L wire (rather than ξ) in Eq. (1) as our control parameter and investigate its role in suppressing the emergence of well-defined spectral features. More specifically, in this subsection we calculate the tunnel conductance for nanowires with various effective lengths. In practice, long (short) nanowires could correspond to systems of a given nominal length and a short (long) SC coherence length. We emphasize that the physics is very different for 'long' (i.e., L wire ξ) versus 'short' (L wire ξ) wires. In the numerical simulation we use h sc = ∆ ind τ x , ∆ ind = 0.65meV, and µ = 0.5meV.
Calculated conductance maps showing the dependence of the differential conductance on the strength of the applied Zeeman field and the bias voltage for different wire lengths and field orientations are presented (without any self-energy effect in the theory) in Fig. 2 . The upper panels are conductance maps for a hybrid nanowire of (nominal) length L wire = 1.5 µm. In Fig. 2(a) , the Zeeman field is oriented along the x-axis, i.e., it is parallel to the wire axis. When the strength of the Zeeman field is larger than the critical field V Z > V Zc = ∆ 2 + µ 2 0.82meV, a ZBCP of height 2e
2 /h forms signaling the emergence of a MZM at the (left) end of the wire. In the vicinity of V Zc , we clearly notice conductance features associated with bulk gap closing and reopening, which indicate the (finite-size remnant of the) TQPT. Thus, the emergence of the quantized ZBCP (associated with the MZM in the topological regime) and the bulk gap closing and reopening (associated with the TQPT), which happen simultaneously, as generically expected, provide a clear signature of the MZM nature of the ZBCP. Note also that for the short nanowire in Fig. 2 (a) the characteristic finite-size effects also show up. For example, the conductance features associated with the bulk gap 'closing and reopening' are discrete, with the level spacing between bulk states being inversely proportional to the length of the nanowire. This is the direct result of the 'size quantization' of the energy levels in the nanowire due to its finite size (i.e., short length) along the x-direction. In addition, there are conductance features above the induced SC gap (∆ ind = 0.65 meV), also showing discretization due to the finite-size effect. Furthermore, in the large Zeeman field regime, i.e., V Z > 2 meV, one can clearly see energy splitting oscillation of the ZBCP characteristic of the wave function overlap between the two MZMs localized at the opposite ends of the nanowire. Both of these subtle conductance structures, the discrete level structures due to size quantization and the Majorana oscillations due to MZM wave function overlap from the two ends, are generic theoretical features in short wires.
When the Zeeman field points along the y-axis, there is no ZBCP and the bulk gap clearly vanishes above a certain critical value of the applied Zeeman field, as shown in Fig. 2(b) . More specifically, the SC gap closes when V Z > ∆ ind and never reopens, since the spin-singlet swave pairing is suppressed by the Zeeman field. All the conductance features in Fig. 2 (b) are associated with bulk SC states and, therefore, show characteristic discrete features due to the finite-size effect. Finally, in Fig. 2(c) , the Zeeman field is oriented along the z-axis and the corresponding conductance map is identical to that in Fig. 2(a) . This equivalence between the x-and the z-orientations is due to the fact that the Hamiltonians corresponding to the two orientations are connected by a unitary rotation U = e iπσy/4 in the spin space. In other words, as long as the Zeeman field is normal to the spin-orbit field (∝ σ y ), the conductance map should remain the same. Note that this symmetry property holds only if we neglect orbital effects (i.e., in the one-dimensional limit). The orbital magnetic field effects are expected to produce some differences between the conductance maps corresponding to the x-and zorientations, although qualitatively they should remain quite similar, particularly since orbital field effects should be small in a one-dimensional system. The lower panels of Fig. 2 show the conductance maps for a long nanowire of length L wire = 6µm, i.e., having an effective length four times larger than the wire that generates the maps shown in the upper panels. The dominant feature -the quantized ZBCP emerging above the critical field associated with the TQPT -is very similar to that shown in the upper panels, indicating that it is generated by a localized state, which is not affected by changes in the length of the system as long as L wire ξ. Note, however, that there is no visible Majorana oscillation induced splitting of the ZBCP at large Zeeman field since the MZM wavefunction overlap from the two ends is suppressed because of the larger separation between the two wire ends. The main effect of increasing the length of the wire is a substantial reduction of the finite-size level spacing between the bulk states doubled by a reduction of the weight of each individual feature associated with a bulk state. This reduction is a consequence of the wave function amplitude of bulk states decreasing with L wire , which reduces the effective coupling between these states and the tunnel probe. As a consequence, the features associated with bulk states tend to become a smoothly varying background with significantly less structure than its short-wire counterpart. The remaining well-defined features, e.g., the feature associated with the closing of the quasiparticle gap at the TQPT, are generated by states localized at the left end of the wire, rather that bulk states. The gap closing feature, for example, is produced by an intrinsic ABS, which emerges generically in pristine wires with finite chemical potential [63] . Note that there is no equivalent well-defined feature associated with the reopening of the quasiparticle gap.
Our conclusion is that the conductance maps measured in the short-wire and long-wire regimes have qualitatively different properties regarding the visibility of bulk states (i.e., states that extend throughout the whole system): while in short wires the bulk states can produce welldefined, separated features, in the long-wire regime they generate a smoothly varying, structureless background. In long wires, all well-defined features are associated with states localized near the end of the system, which couple strongly with the tunnel probe. There is a characteristic effective length that separates the short-wire and long-wire regimes. To identify this length scale, which depends crucially on the induced superconducting coherence length in the nanowire, it is essential to know the effective system parameters, particularly the value of the effective mass. Thus, in principle, the absence of conductance structures in the experiment could arise from the experimental nanowire samples somehow being in the long-wire regime of L wire ξ (in spite of their physical lengths being relatively short ∼ 1µm).
B. Self-energy effect
The hybrid SM-SC system is composed of a spin-orbit coupled semiconducting nanowire in proximity with a In (a) and (b), the SM-SC interface is in the weak-coupling limit. The proximity effect is modeled by an induced SC pairing term hsc = ∆ ind τx, with ∆ ind = 0.65meV. In (c) and (d), the SM-SC interface is in the strong-coupling limit. The proximity effect is modeled as a self-energy term hsc = Σ(ω), with effective coupling λ = 1.8meV. In (a) and (c), the Zeeman field points along the x-axis, while in (b) and (d) the Zeeman field points along the y-axis.
conventional s-wave superconductor. In the previous section, we have treated the proximity effect induced by the parent SC within the weak-coupling approximation, using the effective pairing term h sc = ∆ ind τ x . This approximation is appropriate for describing low-energy (i.e., low-bias voltage) features when the effective SM-SC coupling is much smaller than the gap of the parent SC, i.e., λ ∆. However, if the SM-SC coupling is strong and/or we are concerned about energies comparable to the induced gap, the parent SC cannot be treated as a simple source of Cooper pairs, but has to be modeled in more detail. In realistic experiments, the effective SM-SC coupling is an unknown parameter which sensitively depends on the profile of the wave function through some external conditions, e.g., the back gate voltage [59] . Specifically, one can integrate out the degrees of freedom of the parent SC and incorporate its effect on the SM wire as an interface self-energy contribution [64, 65] . Using a simple mean-field model for the parent SC generates a self-energy of the form
where ω denotes the energy ( = 1), λ is the effective SM-SC coupling producing the proximity effect, and ∆ 0 is the bulk SC gap of the parent superconductor at zero magnetic field. We assume that the gap of the parent superconductor shrinks with increasing strength of the Zeeman field and is completely suppressed above V Z = V * Z . This reduction of the parent SC gap with increasing field is always observed in nanowire experiments, where the SC gap collapses at some finite magnetic field value of 1 -2 T.
The conductance maps for a system with L wire = 3 µm, µ = 0.5 meV, ∆ 0 = 0.65 meV, λ = 1.8 meV, and V * Z = 3.5 meV are shown in Fig. 3 (c) and (d). For comparison, in the upper panels, Fig. 3(a) and (b), we show the corresponding maps for a similar weakly coupled system with ∆ ind = 0.65 meV. A notable characteristic of the spectra obtained within the self-energy approach is the presence of a continuum above the (field-dependent) parent SC gap. This feature is generated by the continuum of quasiparticle states in the parent SC. At energies larger than the parent SC gap ∆, there is no discrete state in the SM nanowire, since all the SM states are hybridized with the parent SC (quasi)continuum. Consequently, the conductance map becomes structureless above the parent SC gap. Note that the conductance calculations shown in Fig. 3 include only contributions from Andreev processes. However, when |V | > ∆, there are also contributions from finite energy quasiparticles excited inside the parent SC. Including these contributions enhances the differential conductance at bias voltages above the parent SC gap and reveals characteristic features, such as the SC coherence peak [66, 67] .
The most significant characteristic of the conductance maps obtained within the self-energy approach stems from the proximity-induced low-energy renormalization that affects the subgap features, i.e., those corresponding to |V | < ∆. First, we note that the level spacing associated with the finite length of the wire is significantly reduced (as compared level spacing in the upper panels). This can be naturally understood as a proximity-induced renormalization of the effective mass. Most importantly, the critical fields V If we assume a pristine (i.e., uniform) system within the independent-band approximation (which holds when the inter-band spacing is much larger than other relevant energy scales), the key parameters that control the closing of the bulk gap are the effective SM-SC coupling, λ, and the chemical potential, µ. In addition, one has to keep in mind that the experimentally accessible field parameter is the magnetic field B, rather than the Zeeman splitting V Z , hence, the effective g factor is the third key parameter. On the other hand, orientation-dependent gap closing measurements give us access to three relatively robust and well-defined quantities: the induced SC gap ∆ ind (at zero magnetic field and inside the quasiparticle continuum) and the critical fields B x c and B y c associated with the closing of the bulk gap for the corresponding field orientations. The relations between the experimentallyaccessible quantities and the relevant system parameters are [65] 
where µ B is the Bohr magneton. The first equation provides an estimate of the effective SM-SC coupling, the second equation gives the effective g factor, while the third equation allows one to extract the chemical potential in the nanowire. Note that in the weak-coupling limit (λ ∆ 0 ) we have ∆ ind ≈ λ. In general, the effective g factor can be extracted from a measurement of the gap suppression in the presence of a field oriented along the y-direction [see, for example, Fig. 3(b) ]. However, the minimal information that allows the extraction of all three parameters, g eff , λ and µ, can only be obtained by combining the conductance maps corresponding to the x and y field orientations. We emphasize that Eqs. (4-6) provide a first approximation for the effective parameters, which is valid in pristine systems if orbital and band-mixing effects are negligible. Under these assumptions, using the experimental data in Fig.1 of Ref. [53] (e.g., ∆ 0 = 0.65 meV, ∆ ind = 0.49 meV, B y c = 0.25 T, B x c = 0.7 T), we estimate that λ ≈ 1.34 meV, g eff ≈ 92.6, and µ ≈ 3.5 meV. Including other effects such as the orbital and band-mixing effects requires more microscopic approaches that treat the semiconductor nanowire and the parent superconductor on equal footing using twoor three-dimensional tight-binding models [60] [61] [62] . Such numerical calculations are beyond the scope of this work, and also necessitate a knowledge of other bulk parameters and various boundary conditions which are not available experimentally.
C. Finite temperature and dissipation
The level spacing between bulk states is controlled by the effective length of the wire and by the strength of the SM-SC coupling, as discussed in the previous subsections. For a given level spacing, the visibility of bulk features is determined by the characteristic broadening of these features, which depends on the effective coupling between the bulk states and the tunnel probe, and by finite temperature and the possible presence of dissipation. A broadening comparable to (or larger than) the level spacing results in the smoothening of the (bulk) conductance features and the suppression of well-defined (bulk-induced) conductance structures. Essentially, any physical mechanism causing level broadening will suppress and smoothen fine structures in the measured conductance.
In a tunneling experiment, although the nominal fridge temperature is known, the actual temperature of the electrons inside the sample, which may be much higher, is typically unknown. This is a rather well-known problem in semiconductors where electrons often do not come to equilibrium with the lattice at low lattice temperatures. Here, we consider the effect of finite temperature on the conductance spectral structure under the assumption that the effective temperature is much higher that the nominal temperature of the fridge. The tunnel conductance at finite temperature is calculated as the convolution between the zero-temperature conductance G 0 (V ) and the derivative of Fermi function f T (E):
We consider a nanowire with effective parameters L wire = 3 µm, µ = 0.5 meV, and ∆ ind = 0.65 meV and calculate the conductance maps for three different temperatures: k B T = 0.01, 0.03, 0.06 meV, where k B is the Boltzmann constant. The results are shown in Fig. 4 . As the temperature increases, the conductance becomes increasingly structureless and the features associated with bulk states are smeared out. By contrast, the features associated with states localized at the end of the wire remain clearly visible, although they get broadened and their height is reduced. The main features associated with localized states survive including the MZM-induced ZBCP and the gap closing feature generated by intrinsic ABSs. Similar to finite temperature, dissipation can also smoothen the fine structures in the conductance maps. In real systems, dissipation may arise from disorder-induced low-energy states in both the SM nanowire and the parent SC, as well as vortices in the parent superconductor [49] . In addition, dissipation may result from the socalled inverse proximity effect induced by the coupling to the normal-metal lead [68] . In this work, we do not consider a specific source of dissipation, but rather model it phenomenologically by adding an imaginary (dissipation) term iΓ in the BdG Hamiltonian, as shown in Eq. (1). The nanowire parameters used in the calculation are: L wire = 3 µm, µ = 0.5 meV, ∆ ind = 0.65 meV. We calculate the conductance maps for three different dissipation strengths: Γ = 0.01, 0.03, 0.06 meV. The results are shown in Fig. 5 . The basic effect of dissipation is quite similar to that of finite temperature: it broadens the spectral features and, as a result, suppresses the fine con- ductance structures. In addition, there is a feature that is uniquely related to the presence of dissipation: the breaking of the particle-hole symmetry and the emergence of "stripy" features in conductance maps. When the superconducting nanowire is coupled to dissipative sources (e.g., disorder-induced low energy states, normal-metal lead, and extra fermionic bath.), the tunnel conductance will be proportional to particle (hole) component of the eigenstate at positive (negative) bias voltage [69] . We emphasize that our treatment of dissipation is in a phenomenological way, i.e., by adding an imaginary term in the BdG Hamiltonian of the Majorana nanowire. Any microscopic analysis of the dissipation sources is beyond the scope of the current work. We note that the apparent particle-hole asymmetry in Fig. 5 indicates quasiparticle excitations having a predominantly particle (or hole) character. By contrast, BdG states characterized by an approximately equal mix of particle and hole components generate particle-hole symmetric features even in the presence of dissipation [49] .
D. Multiband effect
So far, we have only considered single-band models. However, in general one would expect the hybrid structures to be characterized by multiband occupancy. In this subsection we investigate specific signatures characterizing the low-energy differential conductance maps that stem from the multiband character of the hybrid system. We note that the relevant bands that play a role in the low-energy physics of SM-SC nanowires correspond to different confinement-induced conduction subbands. In principle, the effective model parameters, such as effective mass, spin-orbit coupling, Landé g factor, and induced SC pairing gap, are band-dependent. However, incorporating this elaborate band dependence of the microscopic parameters is beyond the scope of this work. In addition, the occupancy of different transverse modes depends on the gate voltage in a nonlinear manner [60] [61] [62] and is unknown experimentally in the SM-SC nanowires. Here, we consider a single spinful channel in the normalmetal lead coupled to several partially occupied subbands in the nanowire, as shown in Fig. 1(c) . For simplicity, the only difference between the subbands that we explicitly account for is the chemical potential (measured relative to the spin-orbit crossing point of each band); all other parameters are assumed to have band-independent values. The values of the chemical potential used in the numerical calculations are µ = 1, 3, and 5 meV for the lowest three subbands, respectively. This simple physical model is adequate for the purpose of the qualitative physics we are interested in.
Differential conductance maps for nanowires with different numbers of subbands are shown in Fig. 6 . The upper panels correspond to a Zeeman field pointing along the x-axis, i.e., parallel to the wire axis, while the lower panels are for Zeeman fields pointing along the y-axis, i.e., parallel to the spin-orbit field. We consider systems with two [ Figs 
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1.2 meV, as signaled by the gap-closing feature generated by the intrinsic ABS associated with the top (Majorana) band. For V Z > V Zc a Majorana-induced ZBCP is clearly visible. These features, which are generated by states associated with the top band, are similar to the corresponding feature in a single-band system [see Fig. 6(a) ]. However, in contrast with the single-band scenario, in Fig. 6(b) one can clearly distinguish a second strong feature that converges slowly toward zero energy at V Z > 3 meV. This second feature is generated by the (intrinsic) ABS associated with the low-energy band. In addition, the second band also introduces bulk states, reducing the level spacing (as compared with the singleband case). On the other hand, when the field is oriented along the y-direction [see Fig. 6 (e)], there is no qualitative difference between multi-band and single-band scenarios [Figs. 6(d) and (e)]. Note that this type of behavior implies that the system parameters (e.g., the induced gap and the effective g factor) are band-independent (or, in practice, weakly band-dependent). The multiband features discussed above, i.e., the additional conductance peaks generated by intrinsic ABSs [63] associated with occupied low-energy bands and the reduced level spacing between bulk states, are also present in the conductance map of a system with three occupied bands, as shown in Figs. 6(c) and (f). As a general trend, we notice that, as the number of occupied bands increases, the relative weight of in-gap features associated with the top occupied band (e.g., the Majorana ZBCP) decreases with respect to the weight of the weakly field-dependent features associated with low-energy bands.
E. Continuous rotation of the magnetic field
In this subsection, we discuss the conductance maps of pristine semiconductor-superconductor nanowires obtained by continuously rotating the Zeeman field. This discussion, included here for completeness, concerns an aspect of critical importance in experiment: the actual orientation of the effective spin-orbit field. Of course, in model calculations the spin-orbit coupling is included "by hand" and the orientation of the corresponding effective field is known (e.g., along the y-axis in our model). However, in a more microscopic approach that includes the self-consistent calculation of electrostatic effects -which, in turn, will determine the spin-orbit coupling -and, especially, in experiment, performing a full rotation of the magnetic field to identify the direction of the spin-orbit field is essential. Experimentally, the precise direction of the spin-orbit field is unknown whereas in the minimal model it is stipulated to be along the y-direction.
As discussed in Sec. III A, Zeeman fields pointing along an arbitrary direction in the x-z plane are equivalent within our model. Therefore we restrict our analysis to rotations within the y-z plane (i.e., the plane perpendicular to the wire), as done in Ref. [53] . By definition, θ is the angle between the Zeeman field and z-axis, as shown in Fig. 1 . The model parameters used in the calculation are L wire = 3 µm and α R = 0.5 eVÅ.
First, we consider the weak Zeeman field regime corresponding to V Z < V Fig. 7 . A common feature in the four panels (which correspond to different values of the chemical potential) is the finite SC gap that persists at all angles. The minimum gap corresponds to θ = ±π/2, i.e., for a Zeeman field parallel to the spin-orbit field (pointing along the y-axis). In the weak-coupling limit, the magnitude of the minimum gap is determined by ∆ ind −V Z . On the other hand, the maximum gap, which obtains along the z-direction (i.e., perpendicular to the spin-orbit field), depends on the chemical potential, increasing with µ. As a result, the gap, which is isotropic at µ = 0, becomes more anisotropic with increasing chemical potential, as shown in Fig. 7 .
Next, we consider the strong Zeeman field regime corresponding to V Z > V y Zc . The system parameters are V Z = 0.6 meV, ∆ ind = 0.4 meV, L wire = 3 µm, α R = 0.5 eVÅ and we consider four different values of chemical potential, µ = 0, 0.5, 1, and 2 meV. The conductance as a function of the angle θ is shown in Fig. 8 . Note that in the vicinity of θ = ±π/2 (y-axis), the spectrum is gapless. On the other hand, in the vicinity of θ = 0/π (z-axis), there is a finite gap, possibly with a midgap ZBCP, if the topological condition V Z > V x Zc is satisfied. Indeed, when the chemical potential is small [e.g., µ = 0 in Fig. 8(a) ], a ZBCP forms inside the gap when the Zeeman field is approximately oriented along the z-axis. This ZBCP is MZM-induced in the topological phase with V Z > V x Zc . In Figs. 8(b-d) , on the other hand, there is no ZBCP because the system is still in the topologically trivial regime.
IV. ANISOTROPIC SUPPRESSION OF INDUCED SUPERCONDUCTIVITY IN NON-HOMOGENEOUS HYBRID SYSTEMS
In the previous sections, we have considered the orientation-dependent suppression of induced SC gap by the applied Zeeman field in clean, homogeneous hybrid systems. In such pristine nanowires, the only low-energy subgap states are the Majorana zero modes (in the topological regime, V Z > V Zc ) and the intrinsic ABSs (in the trivial regime, V Z < V Zc ), which generate characteristic gap-closing features [63] . However, it was shown that the presence of inhomogeneous effective potentials (e.g., smooth confining potentials, quantum dots near the end of the wire, or chemical potential inhomogeneities) can induce topologically trivial near-zero-energy extrinsic Andreev bound states [38-44, 46, 47] . These trivial ABSs, which appear, typically, in a parameter regime characterized by large values of the chemical potential, can mimic the MZM phenomenology, including the emergence of robust quantized ZBCPs in local charge tunneling measurements [40] . In this section, we investigate the effect of these low-energy topologically trivial states on the conductance features that signal the suppression of induced SC gap for various orientations of the applied Zeeman field. In particular, we consider the key question that we want to address in this work: can one discriminate between MZM-induced features and features produced by topologically trivial ABSs based on the dependence of gap closing signatures on the orientation of the applied magnetic field? We focus on nonhomogeneous systems characterized by the presence of an external quantum dot or a chemical potential inhomogeneity (see Fig. 9 ). To illustrate the fundamental difference between topologically protected MZMs and trivial low-energy ABSs, we also investigate the real-space and spin properties of the wave functions characterizing the near-zero-energy ABSs.
A. Nanowire coupled to a quantum dot
We first consider the case of a hybrid nanowire coupled to an external quantum dot defined by the smooth potential profile shown in Fig. 9(a) . The quantum dot lies between the normal-metal lead and the semiconductorsuperconductor nanowire. In the experimental setup, such an external quantum dot may be part of the tunnel barrier region, which is not covered by the parent SC or the normal metal. The BdG Hamiltonian describing the quantum dot is
where V dot is the dot potential amplitude and L dot is the length of the quantum dot. In our simulation, we choose V dot = 5 meV and L dot = 0.3 µm. The proximitized nanowire is described by the Hamiltonian in Eq. (1) with L wire = 3 µm, α R = 0.5 eVÅ, ∆ ind = 1 meV, and a (homogeneous) chemical potential µ = 4.5 meV. The total Hamiltonian is the sum of the quantum dot and nanowire Hamiltonians. The schematic representation of the dot-nanowire system is shown in Fig. 9 (a).
The energy spectra and the conductance maps for the dot-nanowire system are shown in Fig. 10 . Fig. 10(a) shows the energy spectrum as a function of the strength of the Zeeman field for a field oriented along the z-axis. Note that for V Z = 0 there is a Kramer's pair of ABSs with energy below the induced SC gap. This is a clear signature of the ABS having a reduced pairing potential as a result of being localized in the dot region, which is not proximitized by the parent superconductor. Upon increasing the Zeeman field, the ABS localized in the dot region collapses toward zero energy at a Zeeman field way bellow the critical value corresponding to the TQPT (red line in Fig. 10) , then, for 2 < V Z < 4 meV, it oscillates about zero energy with an amplitude significantly smaller than the induced quasiparticle gap. In the vicinity of the critical value V Z V Zc 4.5meV, one clearly sees a gap closing and reopening feature associated with the vanishing of the bulk gap at the TQPT. the dot region crosses zero energy. The corresponding conductance map is shown in Fig. 10(b) . Note that the signatures corresponding to the low-energy ABS as well as the MZM are strong, because both the ABS and the (left) MZM are end states localized in the vicinity of the the normal lead, thus having a large tunnel coupling to the lead. By contrast, the conductance features corresponding to the gap closing and reopening at the TQPT are almost invisible. As mentioned before, the associated states are bulk states with small characteristic wave vectors (k 0) and, consequently, their wave functions have negligible amplitude at the wire end and do not penetrate significantly inside the dot region. As a result, the effective coupling of these states to the tunnel probe is weak and the corresponding contributions to the tunneling spectrum are negligible (practically "invisible"). Note that the signatures visible above the induced gap are also generated by bulk states. However, these are states with large characteristic wave vectors (k k F ) and, consequently, their wave function amplitudes at the wire end are significantly larger. Of course, proximity-induced renormalization effects, finite temperature/dissipation, or multi-band effects can suppress or even completely obscure the signatures of these bulk states, as discussed in Sec. III.
Next, we consider a dot-nanowire system with a Zeeman field applied along the y-axis. The energy spectrum and the corresponding conductance map are shown in Fig. 10(c) and (d) , respectively. The bulk gap vanishes at V Z = ∆ ind = 1 meV and never reopens, as shown in Fig. 10(c) . However, the in-gap ABS localized in the dot region crosses zero energy at a Zeeman field V Z < ∆ ind (red lines). Note that the calculation shown in Fig. 10 is valid in the weak-coupling limit. When the SM-SC effective coupling is comparable to (or larger than) the parent SC gap ∆ 0 , the critical field corresponding to the closing of the bulk quasiparticle gap is controlled by the SM-SC effective coupling λ (see Sec. III), while the zero-energy crossing of the in-gap ABS is correspondingly shifted to a higher Zeeman field. The conductance map corresponding to the spectrum in Fig. 10(c) is shown in Fig. 10(d) . Note the strong conductance peaks due to the dot-induced ABS, which represent the most prominent features of the conductance map. Unlike Fig. 10(b) , the closing of the bulk quasiparticle gap is visible, although the corresponding feature is particle-hole asymmetric due to the presence of finite dissipation.
The dependence of the conductance features on the orientation of the magnetic field within the plane perpendicular to the wire, which is given by the angle θ, is shown in Fig. 11 . The signature of the low-energy ABS is clearly visible as a strong split conductance peak near θ = 0 or π (i.e., for field orientations approximately perpendicular to the spin-orbit field). Outside this range of θ, the conductance spectrum become gapless. Note that resolving the energy splitting of the near-zero conductance peak is a quantitative issue. Certain details regarding the quantum dot region (e.g., a different effective potential), finite temperature and dissipation, or proximity-induced renormalization effects could make this energy splitting unobservable, so that the feature associated with the dotinduced ABS becomes indistinguishable from a MZMinduced ZBCP. Both of them are effectively almost-zeroenergy features in a finite wire with finite resolution although, strictly speaking, the MZM is precisely at zero energy (for a long wire) whereas the ABS is at a near-zero energy.
The natural question that arises in this context concerns the relationship between the main spectral features and the effective parameters describing the hybrid system. In particular, can one apply Eqs. (4-6) to estimate the effective parameters? First, we note that the presence of an in-gap state at V Z = 0 signals that corresponding states are partially localized outside the prioritized segment of the wire. Consequently, the system, which cannot be a pristine nanowire, is expected to contain some degree of inhomogeneity. In particular, the effective SM-SC coupling characterizing the dot-induced ABS is different from (and smaller than) the effective SM-SC coupling characterizing states localized within the proximitized region. This "bulk" SM-SC coupling can be estimated using Eq. (4), provided one can clearly identify the induced Fig. 1 for the definition of the angle θ) for a dot-nanowire system with parameters given in Fig. 10 . The strength of the Zeeman field is fixed to be less than the critical value corresponding to the TQPT, so that all conductance plots are in the topologically trivial regime:
gap ∆ ind , which is larger than the energy of the in-gap ABS. Also, the ('bulk') effective g factor can be estimated using Eq. The above analysis has revealed similarities between the characteristic features of (quantum-dot-induced) almost-zero-energy ABSs emerging in the topologically trivial regime [e.g., the range 2 < V Z < 4.5 meV in Figs. 10(a-b) ], and the MZMs emerging in the topological regime [V Z > 4.5meV in Figs. 10(a-b) ]. While the signatures of these bound states in a local tunneling experiment are very similar, especially when the resolution of the measurement is larger than the characteristic splitting amplitude, they have very different natures. To better understand the fundamental difference between the dot-induced low-energy ABSs and the MZMs localized at the ends of the wire, we briefly discuss the real space and spin properties of their wave functions. Letf † be the creation operator for a generic BdG quasiparticle.
where σ and x are the spin and position of the electron, , the strength of the Zeeman field is VZ = 5 meV (i.e., the nanowire is in the topological phase). Note the two spatially separated MZMs localized at the ends of the nanowire and the corresponding spin-down polarizations. In panels (c) and (d), the Zeeman field is VZ = 3.5 meV (i.e., the nanowire is in the trivial phase). Note that the dot-induced ABS is localized at the left end of the wire (mostly in the dot region) and consists of two overlapping Majorana modes with opposite spin polarizations.
respectively. One can always decompose the fermion operatorf into two Majorana modes,
where ξ 1σ (ξ 2σ ) is the spin-σ component of the wave function for the first (second) Majorana mode. To characterize the Majorana modes, it is convenient to analyze their real space properties, which are characterized by the wave function amplitude (for each Majorana mode i = 1, 2)
as well as the spin properties, which are captured by the spin polarization along the z-direction defined as
The wave function amplitudes and the spin polarization characterizing the MZMs and the dot-induced ABS emerging in a dot-nanowire system are shown in Fig. 12 .
The system parameters used in the numerical calculations are identical to those for Fig. 10(a) . For V Z = 5 meV, i.e., in the topological regime, the wave function of the lowest-energy BdG state is peaked near the ends of the wire and can be decomposed into two spatially separated MZMs, as shown in Fig. 12(a) . In this case, the two Majorana modes originate from the same spin-polarized subband (i.e., both have spin-down polarization), as shown in Fig. 12(b) . On the other hand, a near-zero-energy ABS that emerges below the critical field (e.g., V Z = 3.5 meV), consists of two overlapping Majorana modes localized inside (and near) the quantum dot region, as shown in Fig. 12 (c). The two Majorana modes are spatially overlapped, while their spins are polarized in the opposite direction, as shown in Fig. 12(d) , indicating that the two Majoranas comprising the nearzero-energy ABS originate from opposite spin-polarized subbands. Note, however, that other potential profiles could generate low-energy ABSs with component Majorana modes associated with the same spin-polarized subband [70] .
B. Nanowire with smooth effective potential inhomogeneity
In this subsection we examine another scenario that can give rise to (topologically trivial) low-energy ABS: the presence of smoothly varying effective potential inhomogeneities. As an example, we consider a linearly varying effective potential described by the BdG Hamiltonian
where V in is the amplitude of the effective potential variation and L wire is the length of the hybrid nanowire. The total Hamiltonian is the sum of the terms contained in Eq.
(1) and the inhomogeneous potential described by Eq. (13) . A schematic representation of this potential is given in Fig. 9(b) . In the numerical simulation, we choose V in = 3 meV and L wire = 3 µm. Fig. 13 shows the energy spectra and the conductance maps for a system with effective potential described by Eq. (13) and Zeeman field oriented along two different directions. Figure 13 along the z-axis. The lowest-energy mode (marked by the red line) collapses to zero energy way below the critical field associated with the whole nanowire becoming topologically nontrivial, V Z 4.5 meV, which corresponds to the reopening of the topological gap. Note that the quasiparticle gap (above the lowest lying mode) remains small over a finite range of Zeeman field (2 < V Z < 4.5 meV) before reopening, which is a strong indication of partial topological superconductivity inside the nanowire. The low-energy ABS forming inside the nanowire in this range of Zeeman field generates a ZBCP quantized at 2e
2 /h, making it completely indistinguishable from the MZM-induced ZBCP that emerges at larger fields, V Z > 4.5 meV, [see Fig. 13(b) ]. Note that in Fig. 13 (b) the structures associated with the bulk gap closing and reopening are completely suppressed as a result of the potential inhomogeneity reducing the amplitude of the corresponding wave functions at the left end of the system, hence reducing the coupling of these states to the tunnel probe. The energy spectrum and conductance map for a Zeeman field pointing along the y-axis (i.e., parallel to the spin-orbit effective field) are shown in Fig. 13(c) and (d), respectively. Remarkably, the main features are identical to those generated by a pristine nanowire (i.e., a system with uniform effective potential), as shown in Fig. 2(b) and (e). Also, unlike the nanowire coupled to an external quantum dot (see Fig. 10 ), there is no subgap ABS at V Z = 0 and the closing of the bulk gap coincides with the ABS crossing zero energy.
The dependence of tunnel conductance on the orientation of the Zeeman field in the plane perpendicular to the wire is shown in Fig. 14 . When the field strength is smaller than the induced SC gap (V Z < ∆ ind = 0.65 meV), there is a hard gap in all directions [ Fig. 14(a) ]. The gap is maximum for fields oriented along the z-direction (i.e., perpendicular to the spin-orbit field) and minimum for fields oriented along the y-axis (i.e., parallel to the spin-orbit field). When the strength of the Zeeman field becomes larger than the induced SC gap, the spectrum becomes gapless for θ ±π/2 (yaxis), while the conductance for θ 0/π (z-axis) is still gapped, as shown in Fig. 14(b) . For large enough Zeeman fields (e.g., V Z = 3 meV), the smooth-potential-induced ABS collapses to zero energy and the conductance map (as the function of θ) becomes indistinguishable from a conduction map induced by MZMs, as evident from a comparison between Fig. 14(c) and (d) . In both cases, as the Zeeman field rotates from a z-orientation towards the y-axis, the ABS-or MZM-induced ZBCP disappears and the spectrum becomes gapless.
What is the impact of the phenomenology described in this section on the procedure for extracting the effective system parameters, as discussed in the context of Eqs. (4-6)? First, we note that, unlike the dot-nanowire case, there are no obvious in-gap features to signal the presence of potential inhomogeneities. However, as before, the effective SM-SC coupling can be estimated using Eq. (4) and the magnitude of the induced gap ∆ ind . Also, the effective g-factor can be estimated using Eq. (5) and the critical field B y c associated with the closing of the bulk gap for a system with the field oriented along the spin-orbit field. Finally, we cannot estimate the chemical potential using Eq.(6) because there is no signature associated with the vanishing of the bulk gap at B x c . However, given the similarities between the conductance map in Fig. 13(b) and the corresponding map for a pristine wire [e.g., Fig. 2(d) ], which are virtually indistinguishable, one would wrongly estimate B x c as the field associated with the collapse to zero-energy of the potential-induced ABS. The corresponding value of µ calculated using Eq. (6) will strongly underestimate the actual chemical potential. This type of systematic error can only be identified by further increasing the parameters space (e.g., varying µ using potential gates) and detecting possible inconsistencies, or by performing nonlocal measurements (e.g., tunneling from both ends of the wire). This is a very serious issue requiring detailed experimental attention.
To gain further insight, we calculate the Majorana wave functions and the corresponding spin polarizations for the lowest-energy mode. The results are shown in Fig. 15 for both the fully topological regime and the lowgap regime. In the fully topological case (V Z > 4.5 meV), the lowest energy mode consists of two MZMs localized at the opposite ends of the system and originating from the same (spin-down) subband. The MZMs are weakly coupled to each other because of their large spatial separation, which is controlled by the length of the wire. By contrast, for the near-zero-energy ABS, the two component Majorana modes come from opposite spin-polarized subbands and have a field-dependent separation that is controlled (for a given field strength) by the slope of the effective potential. Note that Majorana mode with spinup polarization, which has a small characteristic wave vector (as indicated by the long-wavelength features), is localized at the potential domain wall separating regions with empty and occupied spin-up subbands. Since inside the segment separating the two MZMs only one spin subband (the spin-down) is occupied, one can view the system as being "locally topological". Because of the (partial) separation of the component Majorana modes, only the left (spin-down) Majorana couples measurably to the tunnel probe, while the right (spin-up) Majorana remains "invisible" in a local tunneling measurement. Consequently, the corresponding ZBCP is quantized (2e 2 /h) in both the fully topological (MZM) and the low-gap (ABS) regimes. Figs. 15(e) and (f) correspond to the situation of trivial phase with negligible topological superconductivity inside the nanowire (V Z = 2.0 meV). The component Majorana modes of the low-energy ABS are only partially separated, having a significant overlap. Thus, trivial ABS can mimic the behavior of topological MZMs in the rotating field measurements.
V. CONCLUSION
In this paper we have investigated the anisotropic suppression of induced superconductivity in semiconductorsuperconductor nanowires in the presence of magnetic fields with different orientations. The key questions are (i) what information about the parameters of the hybrid system can one extract from an angle-dependent conductance measurement, and (ii) is angle-dependent conductance spectroscopy capable of discriminating between signatures generated by topologically protected Majorana zero modes localized at the opposite ends of the wire and signatures produced by (topologically trivial) ABSs induced in nonhomogeneous systems? In this context, we have also examined various physical mechanisms potentially responsible for the suppression of the fine conductance structure apparent in simple model calculations, which can obscure key spectral feature and limit the information provided by tunnel conductance measurements.
First, we have examined the anisotropic suppression of induced superconductivity in pristine (homogeneous) nanowires. In this context, we have also investigated different physical mechanisms potentially responsible for the suppression of tunnel conductance features in the normal metal-superconductor junction, including the role of the effective wire length, the proximity coupling to the parent superconductor, finite temperature, finite dissipation, and multiband effects. We find that increasing the effective length of the wire leads to the reduction of the level spacing between bulk states, which makes the conductance maps smoother and structureless. We emphasize that a key parameter that controls the effective length of the system is the effective mass, which, in a onedimensional semiconductor wire, is not simply a materialdependent constant, but a band-dependent property that is renormalized by the proximity coupling to the parent superconductor. Detailed microscopic calculations of the effective mass represent an outstanding theoretical task in this area. The proximity effect due to the coupling to the parent superconductor was considered within a self-energy approach. We find that above the parent SC gap the conductance is practically determined by the density of states of the parent superconductor and does not contain features associated with the semiconductor nanowire. Below the parent SC gap, the conductance features associated with bulk states become less well defined due to the proximity-induced low-energy renormalization. On the other hand, temperature and dissipation affect the resolution of conductance spectroscopy by broadening the spectral features. In addition, the presence of dissipation results in a particle-hole asymmetry of the tunneling conductance maps. Finally, we find that the relative weight of the subgap features associated with the top occupied band, including the Majorana-induced ZBCP and the ABS-induced gap closing signature, decreases with the number of occupied confinement-induced bands. Consequently, it is potentially more difficult to resolve the relevant low-energy features in nanowires with high occupancy. We emphasize that a combination of all these effects, rather than a single mechanism, is likely to be responsible for the apparent discrepancy between experiment and simple model calculations with respect to the presence (absence) of conductance structures in theory (experiment).
Our investigation of magnetic field directiondependent spectroscopy in pristine nanowires reveals a few well-defined, robust features that can be used to extract information about the parameters of the hybrid system. Particularly useful are the critical fields corresponding to the vanishing of the bulk gap: B x c , which is associated with the vanishing of the bulk gap at the TQPT in a system with a magnetic field oriented parallel to the wire (i.e., perpendicular to the effective spin-orbit field), and B y c , which is associated with the vanishing of the bulk gap in a system with a magnetic field oriented parallel to effective spin-orbit field. The direction of the effective spin-orbit field, which can be determined by performing an angle-dependent conductance measurement, is the direction corresponding to the minimum induced gap at low magnetic fields. Note that the closing of the bulk gap in pristine nanowires is signaled by intrinsic ABSs that emerge generically in systems with finite chemical potential and converge toward zero energy at the critical fields B x c or B y c . In addition to these critical fields, a key observable is the induced gap at zero magnetic field, ∆ ind . We provide explicit equations that express the relationship between these observables and three key system parameters: the effective semiconductor-superconductor coupling, the effective g factor, and the chemical potential. Using these relations, which hold if orbital and interband coupling effects are negligible, one can extract useful first-approximation estimates of these key parameters from conductance maps corresponding to different field orientations. We note that including orbital and interband coupling effects requires microscopic approaches that treat the semiconductor nanowire and the parent superconductor on an equal footing using, for example, multi-orbital two-or three-dimensional tight-binding models.
Second, we have investigated the anisotropic suppression of induced superconductivity in nonhomogeneous hybrid systems where near-zero-energy extrinsic nontopological ABSs mimic MZM properties. Our investigation focuses on two scenarios: (i) nanowires coupled to an (external) quantum dot, and (ii) nanowires with a smooth effective potential. In both cases the inhomogeneity leads to the emergence of low-energy ABSs that collapse toward zero energy at field values lower than the critical field corresponding to the TQPT (i.e., in the nominally trivial phase). The signatures of these low-energy ABSs mimic the features induced by topologically protected Majorana zero modes localized at the ends of the wire. For the dot-wire system, we find that the presence of the external quantum dot is signaled by the emergence of in-gap states at zero magnetic field. These states are (partially) localized within the dot region and experience a reduced proximity coupling to the parent superconductor. On the other hand, we find that the conductance maps for the nanowire with smooth effective potential are virtually indistinguishable from the corresponding maps of a pristine, uniform nanowire. Thus, magnetic field direction-dependent tunneling spectroscopy by itself is unable to distinguish between a trivial ABS and topological MZM. In both cases it is still possible to extract the effective semiconductor-superconductor coupling and the effective g factor based on a measurement with the magnetic field oriented parallel to the spin-orbit field, which provides the induced gap ∆ ind and the critical field B y c . However, it is no longer possible to extract the chemical potential because there is no visible signature associated with the closing of the bulk gap at B x c . While in pristine nanowires the closing of the gap is signaled by a feature induced by the intrinsic ABS, in the presence of inhomogeneities the ABS collapses to zero energy before the TQPT. By analyzing the wave function of the potential-induced extrinsic ABS, we find that the collapse to zero energy is associated with a partial separation of the Majorana components of the ABS. In addition, this partial separation results in one component Majorana being strongly coupled to the tunnel probe, while the other is practically "invisible". We conclude that one cannot clearly discriminate between MZM-induced features and features generated by low-energy ABSs emerging in nonhomogeneous systems based on angle-dependent conductance measurements. However, this type of measurement allows one to extract two key parameters, the effective SM-SC coupling and the effective g factor, which, in turn, could facilitate the identification of possible discrepancies in our estimate of the chemical potential. Ultimately, verifying the consistency of the estimated chemical potential (which is crucial in order to clearly identify the topological regime) requires the expansion of the parameter space (e.g., by varying the gate-induced electrostatic potential) or the use of nonlocal data (e.g., conductance maps measured at the opposite ends of the system).
